A Method for Calculating the Induced Pressure Distribution Associated with a Jet in a Crossflow by Dietz, W. E., Jr.
jkt /I17
 
A METHOD FOR CALCULATING THE 
INDUCED PRESSURE DISTRIBUTION ASSOCIATED
 
WITH A JET IN A CROSSFLOW
 
By 
William E. Dietz, Jr. 
(NASA-Cm-i 46134) A ITHOfl FOR CALCULATING N76-19367
 
THE INDUCED PRESSURE DISTRIBUTION ASSOCIATED 
WITH A JET IN A CROSSfLOW ?.S. Thesis 
(Florida Univ.) 82 p HC $5.00 CSCI 200 Unclas 
G3/34 07364 
A THE SI S PRESENTED TO THE GRADUATE COUNCIL OF 
THE UNIVERSITY OF FLORIDA 
IN PARTIAL FULFILLMIENT OF THE REQUIREMENTS FOR THE 
DEGREE Or MASTER OF SCIENCE 
UNIVERSITY OF FLORIDA 
1975 
https://ntrs.nasa.gov/search.jsp?R=19760012279 2020-03-22T16:49:28+00:00Z
ACKNOWLEDGEMENT S 
Financial support for this study was provided by NASA
 
Grant NGR 10-005-127 under the technical direction of
 
Mr. R. J. Margason, NASA Langley Research Center, Hampton,
 
Virginia. The author wishes to express his appreciation to
 
Dr. Richard L. Fearn and Robert P. Weston for their guidance
 
and aid during the preparation of this thesis. The author also
 
wishes to thank Karen Fleck, whose assistance in the completion
 
of this thesis is greatly appreciated.
 
ii
 
TABLE OF CONTENTS 
Acknowledgements ii
 
List of Figures iv
 
Symbols vi
 
Abstract viii
 
Introduction 1
 
Literature Review 4
 
Formulation of Problem 11
 
Results 19
 
Conclusion 23
 
Figures 24
 
Appendices 45
 
References 72
 
Biographical Sketch 74
 
iii
 
LIST OF FIGURES
 
1. 	 Sketch of VTOL Aircraft Transitioning from Hovering to
 
Horizontal Flight
 
2. Geometry of Vortex Models
 
3. Arrangement of Singularity Distributions in the Model
 
4. Tunnel and Field 	Point Coordinate Systems
 
5. Comparison of Model Results with Experimental Pressure 
0 0Coefficients for Zero Ehtrainment (00 9490 O) 
6. Comparison of Model Results with Experimental Pressure 
Coefficients for Zero Entrainment (1059<01800)
 
7. 	 Comparison of Model Results with Experimental Pressure
 
Coefficients for Zero Entrainment (.58< r/Dc 1.00)
 
8. 	 Comparison of Model Results with Experimental Pressure
 
Contours for Zero Entrainment.
 
9. Comparison of Model Results with Experimental Pressure 
Coefficients for E=0.6 	(0<e4900)
 
10. 	 Comparison of Model Results with Experimental Pressure 
for E=0.6 (105 °(<180 )Coefficients 
11. 	Comparison of Model Results with Experimental Pressure-
Coefficients for E=0.6 (.58<r/DC1.00) 
12. 	 Comparison of Model Results with Experimental Pressure 
Contours for E=0.6 
13. 	 Comparison of Model Results with Experimental Pressure 
Coefficients with Application of Wake Region Considerations 
(E=0.6, 0<0<900)
 
iv
 
14. 	Comparison of Model Results with Experimental Pressure
 
Coefficients with Application of Wake Region Considerations
 
(E=0.6, 105°49180 ° ) 
15. 	 Comparison of Model Results with Experimental Pressure 
Coefficients with Application of Wake Region Considerations 
(f=0.6, .58cr/D1.00) 
16. 	 Comparison of Model Results with Experimental Pressure 
Contours with Application of Wake Region Considerations 
(E=O 46)
 
17. 'Comparison-of Model Results with Results of Thompson (ref. 4)
 
18. Comparison of Model Results with Results of Bradbury and 
RWood (ref. 5)
 
19. 	 Comparison of Model Results and Experimental Lift and Moment 
on the Flat Plate 
20. 	Comparison of Model Results and Experimental Pressure
 
Coefficients (Vortices Begin at Edges of Jet Orifice)
 
V
 
SYMBOLS
 
a, b, c 

A 

B 

C, C' 

C'
p
 
D 

E 

e 
E 

ee , , eee8 

h 

h 

K K2, K3 , K4 

L 

M 

Q 
Qo 
q 
r 
R 

S 

S
c 
T 
constants defined by equation (11)
 
constant defined by equation (7)
 
constant defined by equation (8)
 
constants defined by equations (9) and (10)
 
pressure coefficient
 
jet orifice diameter, m (ft)
 
entrainment, coefficient for zone of flow
 
establishment
 
entrainment coefficient for zone of established
 
flow
 
- unitvectors defined by Figure 2 
effective vortex half spacing, m (ft) 
diffuse vortex half spacing, m (ft) 
constants defined by equations (18) and (19)
 
lift on flat plate, N (ibf)
 
moment on flat plate, N-m (lbf-ft)
 
Jet volume flux, m3/sec (ft /sec)
 
jet volume flux at jet orifice, M3/see (ft /sec)
 
sink strength density, m2/sec (ft2/sec)
 
polar coordinate, m (ft)
 
jet to crossflow velocity ratio, U /Ua
 
arc distance along jet centerline or vortex
 
curve, m (ft)
 
critical are length, m (ft)
 
jet thrust, N (Ibf)
 
vi
 
U fluid speed on flat plate, n/sec (ft/sec) 
Uj jet velocity, n/sec (ft/sec) 
Ua) free stream velocity, m/sec (ft/sec) 
X, Y, Z axes in tunnel coordinate system, m (ft) 
pvortex diffusivity, m -' (ft-1) 
effective vortex strength, m2/see (ft2/sec) 
F0 integrated strength of a single diffuse 
vortex, m2/sec (ft2/sec) 
dimensionless variable corresponding to P. 
42 vorticity, sec-1 
maximum vorticity in cross section, sec 
-I 
9 polar coordinate, degrees 
vii
 
Abstract of Thesis Presented to the Graduate Council
 
of the University of Florida in Partial Fulfillment of the Requirements 
for the Degree of Master of Science 
A METHOD FOR CALCULATING THE
 
INDUCED PRESSURE DISTRIBUTION ASSOCIATED
 
WITH A JET IN A CROSSFLOW
 
By 
William E. Dietz, Jr.
 
December, 1975
 
Chairman: Richard L. Fearn 
Major Department: Engineering Sciences
 
A model is formulated to predict numerically the pressure
 
distribution induced by a round, turbulent, unheated, subsonic
 
jet exhausting normally through a flat plate into a subsonic
 
crossflow. The complete model assumes that the predominant
 
features of the flow are jet entrainment and a pair of contra­
rotating vortices which form downstream of the jet. Experimentally
 
determined vortex properties and a reasonable assumption concerning
 
jet entrainment are used. Potential flow considerations are
 
used except in the wake region, where a simple method for
 
approximating the pressure distribution is suggested. The
 
calculated pressure distribution, lilt, and pitching moments
 
on the flat plate are presented for a jet to crossflow velocity
 
ratio of 8 and are compared with experimental results.
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INTRODUCTI ON 
During the transitiQn from hovering to horizontal flight,
 
a VTOL aircraft may experience loss of lift and undesirable 
pitching moments due to the effects of one or more jets exhausting 
normally into the crossflow created by the craft's forward motion. 
Figure 1 is a sketch which gives a qualitative description of the 
flow field resulting from a single-jet VTOL aircraft transitioning 
from hovering to horizontal flight. The interaction of the jet 
and crossflow induces a pressure distribution on the lower surfaces 
of the craft, resulting in loss of lift and, in most cases, a 
nose-up pitching moment. Although most VTOL craft employ multiple 
jets which are of a higher temperature than the surrounding air, 
it is generally desirable to simplify the problem to a case 
which lends itself to experimental and theoretical analysis 
while still retaining the basic characteristics of the jet-and 
crossflow interaction process. Therefore, it is convenient
 
to restrict the "problemto that of a single, unheated, subsonic
 
jet exhausting at large angles through a flat plate into a subsonic
 
crossflow. This simplified case has applications in problems
 
other than the transitioning of VTOL craft, such as the problem
 
of cooling gases in turbine combustors and the discharge of
 
effluent or cooling water into a waterway. 
Early investigations into the problem of a jet in a cross­
flow were concerned with studies of the jet deflection resulting
 
1 
from the interaction of the jet and crossflow. These studies
 
resulted in empirical relationships for the jet centerline which
 
is defined as the locus of points of maximum velocity in the
 
symmetry plane (ref. 1). Recent investigations into the velocity
 
field associated with a jet in a crossflow have shown the jet wake
 
region to be dominated by a pair of contrarotating vortices which 
form downstream of the jet and to either side of the symmetry
 
plane. Fearn and Weston (ref. 2) investigated the case of an 
unheated jet exhausting normally into a crossflow and formulated 
empirical relationships for the characteristics of the vortex
 
-pair.
 
The pressure distribution on the flat plate has received
 
considerable attention by several investigators. Fearn and
 
Weston (ref. 3), Thompson (ref. 4), and Bradbury and Wood (ref. 5)
 
investigated the flat plate pressure distribution for several jet
 
to crossflow velocity ratios. Wooler (ref. 6) and Thompson each
 
attempted to predict numerically the flat plate pressure distri­
bution by modelling the various features of the flow with potential
 
flow singularities. The development of potential flow models was
 
limited by the lack of data concerning the characteristics of the
 
vortex pair. Also, the use of potential flow modelling alone resulted
 
in erroneous pressure calculations in the wake region downstream 
of the Jet. 
This paper vill present a method for calculating the flat
 
plate pressure distribution associated with a jet in a crossflow.
 
As in the models presented by Thompson and by Wooler, potential
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However, in this study, theflow singularities are incorporated. 
model incorporates the physical characteristics of the vortex
 
pair, as described by Fearn and Weston (ref. 2) and extended
 
As a result, the model is more consistent
by Sellers (ref. 7). 

the previouswith the flow field 	actually observed than were 
of approximating
In addition, a meansmodelling attempts. 
the pressure distribution in the wake region is suggested.
 
plate pressuredescription of the flatTherefore, a fairly 	complete 
on the physical characteristics of a jet in adistribution, based 
The model is applicable for all
crossflow, may be accomplished. 

long as a graphical or analytic description
velocity ratios, as 
For this study, it is desired
of the vortex properties is available. 

to demonstrate the applicability of this model when used in con-

Since
 junction with an analytic description of the vortex pair. 

an adequate analytic description of the vortex properties is
 
(ref. 7),

available only for a jet to crossflow velocity ratio of 8 

the model presented in this thesis is restricted to this case.
 
LITERATURE REVIEW
 
In order to fully appreciate the problems encountered in
 
the analysis of the jet in a crossflow, it is necessary to review
 
briefly some past attempts at modelling the flow and predicting
 
the flat plate pressure distribution. Generally, attempts to
 
predict the pressure distribution on the flat plate have been
 
limited in success, due to the lack of data concerning entrainment
 
by the jet and the nature of the vortex pair.
 
Numerical predictions of the flat plate pressure distribution
 
generally rely on the use of potential flow singularities to
 
model the jet and vortex pair. The pressure field is related
 
to the numerically calculated potential or velocity field through
 
Bernoulli's equation. Generally, no account can be made for the
 
wake region through the use of potential flow modelling alone,
 
since energy losses through viscous effects and separation result
 
in the inapplicability of a potential flow solution.
 
Thompson (ref. 4) attempted to predict the flat plate
 
pressure distribution by modelling the jet and vortices with a
 
distribution of sinks and doublets placed along the jet centerline.
 
Since the vortex spacing is generally small compared to the distance
 
to a typical field point, Thompson assumed that the vortex pair could
 
be modelled as a distribution of finite horseshoe vortices distributed
 
along the jet centerline. Since such a system of vortices is
 
equivalent to a distribution of axially normal source-sink doublets
 
(ref. 4 and-ref. 8, pg. 96), Thompson placed a distribution of
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doublets along the jet centerline. To account for mass entrainment
 
by the jet, a distribution of line sinks was also placed along the
 
jet centerline. Although Thompson recognized that the vortex
 
trajectories lie to either side of the symmetry plane and that their
 
projection onto the symmetry plane does not coincide with the jet
 
centerline, the doublets were placed along the jet centerline for
 
analytical convenience. The doublet strengths were obtained through
 
experimental measurements of the velocity field, while the strength
 
of the sink distribution was assumed constant and its value
 
determined by matching experimental and predicted upstream pressure
 
contours. Thompson analyzed several cases, for velocity ratios of 2,
 
4, and 8, both with and without the sink distribution. The pressure
 
distribution was accounted for fairly well by the model incorporating
 
both the sink and-doublet distribution. The model incorporating only
 
the doublet distribution could not account for the pressure
 
As expected, both models
distribution upstream of the jet orifice. 

failed in the wake region.
 
Wooler (ref. 6) attempted a numerical analysis of the flat plate
 
pressure distribution using two different potential flow models.
 
The first, which Wooler called the vorticity model, idealized the
 
jet as a system of horseshoe vortices placed along the jet center­
line. The strength of each vortex was determined from the jet 
curvature of the jet centerline. A
momentum flux and the radius of 

contour plot of the pressure distribution on the flat plate shows 
good agreement with the experimental results of Bradbury and Wood 
(ref. 5) except for the wake region and the area upstream of the 
6
 
jet orifice.
 
Wooler's second method, called the sink-doublet model, utilized
 
a system of sinks and doublets distributed along the jet centerline.
 
The doublets institute a blockage of the free stream by the jet,
 
essentially modelling the jet as a cylinder of elliptic cross
 
section. The sink distribution along the jet centerline models
 
entrainment of the surrounding air by the jet. The sink strengths
 
were determined by solving equations for the jet development such 
that they provide a best fit with experimental test data. The
 
doublet strengths were obtained from the complex velocity potential
 
Wooler did not attempt
for two-dimensional flow past an ellipse. 

to calculate the pressure contours on a flat plate using this model,
 
but instead calculated wing loadings caused by"a jet issuing from
 
the center of a wing. The numerical results for particular
 
spanwise and chordwise data points correlate well with Wooler's
 
experimental data. However, the choice of data points ,didnot
 
include the wake region or the'region upstream of the jet.
 
In the models presented by Wooler and by Thompson, singularities
 
modelling the vortex pair were placed along the jet centerline
 
rather than along the true vortex trajectories. In addition,
 
vortex strengths were, in the case of Wooler's model, obtained
 
from assumptions concerning growth of the jet plume rather than
 
from an experimental description of the vortex pair.
 
A recent experimental study by Fearn and Weton (ref. 2) has
 
provided a quantitative description of the vorticity assbciated
 
with a jet in a crossflow. This information was found to be
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a more realistic model for calculating
useful in the formulation of 

The authors presented
the pressure distribution on the flat plate. 

The first, known as the filament
two models for the vortex pair. 

model, idealized the vortex pair as two filament vortices. It
 
was assumed that the characteristics of the vortex pair change
 
slowly along the vortex curve. Hence, the velocity field at a
 
cross section perpendicular to the vortex curve was assumed to be
 
equivalent to that produced by two infinite filament vortices
 
From experimentally
perpendicular to the cross sectional plane. 

determined velocities in the symmetry plane, the strength and
 
spacing of the filament vortices at the cross section were obtained.
 
The second model, known as the diffuse model, relaxed the assumption
 
of concentrated vorticity and assumed the vorticity distribution of
 
Figure 2 shows the coordinate
each vortex to be Gaussian in nature. 

system used in the description of the diffuse model. The-vorticity
 
at any point was assumed to be
 
where w is "the maximum vorticity in the cross section, and J6
 
The integrated strength Po
is the diffusivity of the vortices. 

of a single diffuse vortex was defined a's
 
(2)
r=f -r d 
The net effective strength I of each diffuse vortex was defined
 
.as the net flux of vorticity across the half plane of the cross
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section 
PJ/wre) rcdrdG (3) 
The effective spacing h was defined to be the center of vorticity 
i:7=f fwfrs) Y,. rdrde (4) 
.V20 
Equations (3) and (4) were evaluated using the assumed distribution
 
of vorticity to give
 
F rc- p 0 (5) 
and
 
K erf 0op (6) . 
where
 
1-12 ­
0 
is the error function. The authors found that the parameters of
 
both vortex models were functions prfmarily of the jet to crossflow
 
velocity ratio, R, and of arc distance along the vortex curve, S/D.
 
The results of .this investigation were presented graphically. It 
was observed that the vortex strength P determined from the diffuse 
vortex model was not a function of S/D and could be written as 
a linear function of R. The expression for the integrated 
strength Po was written 
(7)

-=AR. 
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where A is a constant equal to 0.72 and Xo is the integrated
 
strength, o', non-dimensionalized by 2DU0O for convenience. The
 
quantity 2DUa was found by Chang-Lu (ref. 9) to be equal to the
 
roll up of the vorticity around a two dimensional cylinder.
 
Equations (5), (6), and (7) represent a descrption of the strength
 
and spacing of the vortex pair, but contain two parameters, p and ho,
 
which must be specified for the description to be complete.
 
In this study, it is desired to demonstrate the use of the model
 
in conjunction with analytic descriptions of the vortex pair, even
 
though the model may be used with either graphical of analytic
 
descriptions of the vortices. At this time, analytic relationships
 
for # and ho have been developed only for a velocity ratio of 8.
 
Sellers (ref. 7), in an extension of the work by Fearn and Weston,
 
formulated relationships for and h0° as functions of S/D and R=S.
 
The equations may be written
 
= (D (8) 
and
 
-

D 

where B=2.11 and C=2.04 With these analytic descriptions
 
for P and ho, the effective strength r and spacing h of the 
vortex pair for a velocity ratio of 8 may-be calculated,as a 
function of S/D. 
Equations (8) and (9) are based on the assumption that the
 
vortices begin at the center of the jet orifice. Since most of
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the velocity field data was taken at S/D>5, there is considerable
 
doubt as to the nature of the vortex trajectories close to the
 
jet orifice. Sellers also presented an equation for h° which
 
would result in the vortices intersecting the flat plate at the
 
edges of the jet orifice. The equation, again valid only for
 
R=8, may be written 
.C - -A1) + .b (10) 
where C'=1.389 
Fearn and Weston (ref. 2) also formulated relationships 
for the jet centerline and vortex curve. An equation of the form 
z/ = aF<X1)' (11) 
describes the jet centerline and the vortex curve adequately. For
 
.
the jet centerline, ac=0.9772, bc=0.9113, and c =0.3346 For the
 
vortex curve, av=0.3473, bv=1.127, and cv=0.4291 
The equations formulated by Fearn, Weston, and Sellers
 
give a fairly complete analytic description of the vortex pair
 
for R=8, providing a basis for the formulation of a realistic 
model for calculating the flat plate pressure distribution induced
 
by a jet in a crossflow.
 
FORMULATION OF THE PROBLEM 
The relationships for the characteristics of the vortex 
pair introduced by Fearn and Weston (ref. 2) and extended by 
Sellers (ref. 7) make possible the formulation of a model for 
the vortex pair which may be used in a numerical analysis conducted 
through the use of a digital computer. The relationships are 
repeated for convenience. 
1~ 	 (6) 
r. = 2DUAR= 2ADUi 	 (7 
71D 	 oR6 (I (11) 
= 8D / 
=c(I- eo(S/0w 2e)D 
Equations (5), (6), (7), and (1i) are general in that they are
 
valid 	for all S/D and R within the range of the experiment, that
 
is,- for 5-cS/D445 and 2'R1O. Equations (8) and (9) are, as pointed 
out earlier, valid only for R=8.
 
The vortices are modelled in the computer program by a 
distribution of-finite filament vortices placed along the vortex 
trajectories described by equations (6) and (11). The strengths of 
the finite filaments are given by equation (5). Although it is well' 
established that the vortices are diffuse in the actual case of a 
11 
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jet in a crossf low, it is assumed that the velocity induced at
 
a field point by a filament vortex will be indistinguishable
 
from the velocity induced by a diffuse vortex, as long as the
 
distance from the filament is large compared to the radius of
 
Since the diffuse vortices are observed to
the diffuse core. 

vary in strength-along the vortex curve as a result of diffusion 
of
 
vorticity across the symmetry plane, the strengths of the 
filament
 
S/D in the computer model.
vortices are varied as a function of 

Although this is inconsistent with Helmholtz's Laws, it should
 
be emphasized that the filament vortices are used for analytical
 
convenience and are modelling a diffuse vortex pair, for which
 
there are no restrictions regarding the variation in strength
 
along the vortex trajectories.
 
The distribution of filament vortices is composed of finite
 
straight line segments, the lengths of which are determined by
 
Enough vortex
the local radius of curvature of the vortex curve. 

more segments

segments are generated such that the addition of 

results in negligible velocity changes at the plane of the flat
 
plate.'
 
A distribution of line sinks is placed along the experimentally
 
Although
determined jet centerline, defined by equation (11). 

little data is available concerning entrainment by a jet in a
 
crossflow, experimental and theoretical analyses are available for
 
a free jet which may provide a basis for estimating the amount 
of
 
entrainment by a deflected jet and thereby establishing the
 
strengths of the line sinks.
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A free jet is usually described in terms of two regions,
 
each characterized by different cross sectional velocity profiles
 
The first region, known as the zone of establishment,
(ref. 10), 

begins at the Jet orifice and may be idealized as a jet core,
 
characterized by a flat velocity profile, surrounded by a turbulent
 
core is roughly conical in shape, and diminishes in

-fluid. -The 

cross sectional area along the jet centerline as a result of shear
 
produced by the differing mean velocities of the jet .and the surround­
ing fluid. When the core disappears (at some S/D defined as the
 
critical length), the flow is said to be fully established, and
 
is characterized by a velocity profile roughly Gaussian in nature.
 
Albertson (ref'. 10) conducted a theoretical analysis of 
a
 
'free jet and formulated relationships for the entrainment in the
 
zone of establishment and in the region of established flow.
 
cross sectional jet volume
Albertson found that the ratio of 

flux to volume flux at the jet orifice increased in a parabolic
 
form
 
~~ 0 .0836L-) +o.0128(1&.(2
__ 
DDZ00 
in the zone of establishment. In the zone of established flow,
 
the relationship is linear
 
_ 
(13)
 
Q 0. 3 2( -) (13) 
'itis convenient to express the amount of entrainment in terms of
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an entrainment coefficient E
 
(14)E = 
Using Albertson's relationships, the entrainment coefficient may
 
be expressed,
 
(15)Ee 0.083 + 0.0256(-) 
in the zone of establishment, and
 
= (16),F o.3Z 
for established flow. The constant entrainment coefficient
 
of 0.32 for a fully developed jet has been confirmed by Ricou
 
and Spaulding (ref. 11) and saha (ref. 15).
 
A free jet entrains surrounding fluid primarily through 
turbulent shear resulting from the difference in velocity of
 
the jet and the surrounding fluid. The entrainment, mechanism 
case a-crossf'low.is considerably more complex in the of a jet in 
states that a jet in a crossflow entrains surroundingKeffer (ref. 14) 

fluid not only through turbulent shear, but also through the effects
 
of free stream and vortex upwash components perpendicular to the
 
jet trajectory. In addition, increased shear at the boundary of"
 
the jet resulting from the presence of the crossflow results in
 
a more rapid degradation of the jet core and a decrease in the
 
critical: length.
 
Because of the lack of experimental data concerning entrainment.
 
by a jet in a crossflow, it is necessary to attempt to qualitatively
 
1.2 
estimate the entrainment coefficient E for use in the computer
 
model. It is logical to assume that the entrainment coefficient
 
It is assumed

'E will be larger than 0.32, the value for a free jet. 

that E is constant for a fully established deflected jet, based
 
An upper limit for the'entrainment
on observations of free jets. 

coefficient has been suggested by Fearn (ref. 13) in an attempt
 
to account for the observed jet trajectory entirely on the basis
 
of mass entrainment by the jet. For a velocity ratio of 8, an
 
entrainment coefficient of approximately 1.2 was calculated for
 
the region of established flow. Therefore, the value of E used
 
in the model would be expected to have a value between 0.32 and 
The strength density of the line sinks is expressed in terms 
of the change in jet volume per unit length S/D, or 
(7
-cj(S/D) (17) 
Relations for q for a jet in a crossflow-were found by assuming 
a(55)+ q)(18)0 = x "'KK 
for the zone of establishment, and
 
Kt(g) (19) Qo
 
for established flow. These relations are of the same form as
 
By definition
Albertson's equations for free jets. 

Q0 Kt (20) 
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K , and K3 are found by applying boundaryThe coefficients K1, 
at atconditions. It is assumed that Q=Q S/D=O, -oL =0 
S/D=O, and Qo d{ s/) is continuous at the critical length. Equations 
(18) and (19) then become
 
QO ?- (sl/OgL E (SID) (21) 
for the zone of establishment, and
 
o = E (22) 
for established flow. From these relationships, te strength
 
density q may be written
 
E , (s/o) (23) 
in the zone of establishment, and
 
- (24) 
D 
for established flow. The amount of entrainment is therefore 
defined by establishing values for E and S /D. From Keffer (ref. 14) c
 
and Fearn (ref. 13), the critical length S /D is equal to about 3
 
This value, although approximate, has
for a velocity ratio of 8. 

more experimental basis than values of E for deflected jets.
 
which was varied in the model.Therefore, E was the only parameter 
The value for E was adjusted until the model provided good overall
 
correlation with the experimentally determined pressure distribution.
 
With the preceding description of the vortices and sinks
 
incorporated into the model, it was possible to calculate the
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This is accomplished through
velocity induced on the flat plate. 

vector summation of the velocities induced on the flat plate by
 
"Image" vortex and sink
each incremental vortex and sink filament. 
distributions are 'instituted"below" the flat plate in order to 
establish the boundary condition at the plane of the flat plate, as 
shown in Figure 3. With the velocity field on the flat plate
 
determined, the pressure coefficients at each field point may be
 
The pressure .coefficient
calculated from Bernoulli's equation. 

is'derived from Bernoulli's equation and may be written
 
U
 
=2 - (25) 
'whereU i's the fluid speed at a particular field point.
 
The pressure distribution on the flat plate is most conveniently
 
presented by defining the field points in terms of polar coordinates.
 
Figure 4 shows the tunnel and field point coordinate systems used in
 
Each
the experimental investigations of Fearn and Weston (ref. 3). 

Fearn and Weston
field point is expressed in terms of r/D and 0. 

presented pressure coefficient data in terms of contour plots and
 
pressure distribution along rays (constant angle 0) and circles
 
are used for(constant rID). The results of Fearn and Weston 

comparison with the theoretical results of the model in Figures 5
 
through 16.
 
As expected, the pressure coefficients predicted by the
 
model were found to be in considerable error in the wake region,
 
due to viscous effects and separation. For the purposes of this 
, study, a wake boundary is defined by comparing contour plots of 
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experimental and theoretical pressure distributions and fitting 
a power curve through the points where the theoretical results 
begin to deviate significantly from the experimental contours.
 
This wake boundary, which is defined for the purposes of this study
 
only, should not be confused with that which would be observed
 
through oil smear studies or other flow visualization techniques.
 
It is assumed that a point on the wake boundary defines the
 
pressure at all points in the wake region with the same X-coordinates
 
as the point on the boundary. The elimination of Y-dependent 
pressures results in straight contour levels extending from the wake
 
boundary to the X-axis. From studying contour plots of the experi­
mental pressure distribution for various velocity ratios (ref. 3), 
it appears that this method for approximating the pressures in the
 
wake region should be applicable for velocity ratios greater than 5. 
At lower velocity ratios, the contours in the wake region cannot 
be approximated by straight lines, due to the tendency for the
 
contours to become increasingly curvilinear at lower velocity ratios.
 
Lift and pitching moments on the flat plate are calculated
 
for the complete model. Lift is calculated by summing forces on
 
incremental areas of the flat plate. Moment about the Y-axis is
 
found by mdltiplying incremental areas by the distance from the
 
Y-axis, and summing over a large area of the flat plate. 
RESULTS
 
The simplest form of the model consists of the vortex distribution
 
alone, with the vortices intersecting the flat plate at the center
 
of the Jet orifice. In this simplified form, it is assumed that the
 
flat plate pressure distribution results from the vortex pair and
 
free stream interaction only. Figures 5 through 8 compare the
 
experimental pressure coefficients with the theoretical values
 
Figures 5 and 6 show the variation of the
predicted for this case. k-
pressure coefficient with radial distance from the center of the jet
 
The plots show fairly good agree­orifice for given values of e. 
From 1200 to 1800
 
ment with experiment from about 9--750 to 
0=1200. 

the theoretical values deviate considerably form the experimental
 
results, as expected, since conditions in the wake region render
 
potential flow considerations invalid. The theoretical-values from
 
9=00 to 9=750 also deviate significantly from the experimental 
values, due to the neglection of jet flow entrainment, as will be
 
shown later. Figure 8 shows a contour plot of the pressure
 
The theoretical
distribution induced by the vortices alone. 

contours clearly deviate greatly from experimental values outside
 
the 0=750 to 9=120 range. 
Figures 9 through 12 show the effects of adding a sink 
distribution along the jet centerline to account for entrainment
 
effects. In this study, good results were obtained for E=0.6,
 
with a critical length of 3 jet diameters. The value of the
 
entrainment coefficient is within the range expected, i.e. 0.32<E41.2
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It is evident that the addition of a sink distribution greatly
 
improves the accuracy of the model in regions upstream of the jet
 
orifice. The greatest errors outside the wake region occur at 
low r/D (41.0) during the transition from positive to negative 
pressure coefficients in the range e--20 ° to e=450, as can be seen 
However, Figure 12 shows that the theoretical and'in-Figure 9. 

experimental contours are quite close in this region. It may also 
be-seen that the density of contours in this region indicate 
.that
 
high pressure gradients exist. Hence, a small displacement of the
 
large change in pressure values displayed incontours results in a 
the radial plots, suggesting that the rather large errors observed
 
in the radial plots for this region are a result of the manner
 
in which the data is presented, rather than'a result of a serious
 
failure of the model; Good agreement is obtained up to about
 
9=1350, at which point viscous effects and separation appear to
 
become important. The largest error observed on the contour 
-plot (Figure 12) is on the ordei of one jet diameter, and involves
 
the -0.2 contour at about 450. This is not considered to be a 
particularly significant error, since insignificant variations in 
pressure can cause noticeable shifts in the placement of contours 
in regions of very small pressure gradients.
 
The potential flow model results in pressure coefficients
 
being too large in the wake region. As stated earlier, the-failure 
of the model in the wake region is not unexpected. However, a
 
complete description of the pressure distribution must take the
 
'wake region into account in some manner. Figures 13 through 16 
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show the resulting pressure field for a model incorporating both
 
jet entrainment and wake region considerations described in the 
previous section. It may be seen that the accuracy of the 
theoretical wake region pressures is greatly improved, although 
good quantitative agreement has not been'acheived for r/D of less 
than 1.5 , Figure 16 shows the contour plot for the complete 
model. From the contour plot, it may be seen that the largest 
discrepancies occur in the wake region for C - 0.1 . This is not 
P 
considered to be significant, since this region is characterized 
by very low pressure gradients and a large uncertainty in contour 
placement. Figures 17 and 18,show the theoretical results of the 
complete model compaed with the experimental results of Thompson 
(ref. 4) and Bradbury and Wood (ref. 5). It may be seen that the 
contours agree quite well with Thompson's results. Agreement with 
the results of Bradbury and Wood is not as close, but is still 
considered to be within the range of experimental error. 
The lift and pitching moments on the flat plate are of special 
interest, particularly in the case of transitioning-VTOL craft. 
Figure 19 shows a plot of experimental values of MiTD and L/T 
versus the velocity ratio R. The circles represent values of 
M/TD and L/T predicted by the complete model for a velocity ratio 
of 8. The theoretical values show good agreement with the 
experimental values.
 
Sellers (ref. 7) formulated a model in which the vortices
 
intersect the flat plate at the edges of the jet orifice, rather
 
than at the center. Although this model may seem more physically
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reasonable, the resulting pressure distribution predicted by the
 
model (Figure 20) deviates considerably from the experimental 
data. The extremely low pressure coefficients result from a 
at thecombination of the effects of non-zero vortex strength 
plane of the flat plate and the proximity of the filament vortices 
to the field points closest to the jet orifice. It is evident that 
a model based on vortices beginning at the edges of the jet orifice 
is incompatible with the use of filament vortices. 
CONCLUSION
 
The pressure distribution calculated from the model presented
 
in this thesis is in fairly good agreement with experimental data.
 
The use-of this model was demonstrated for a velocity ratio of
 
8 in order to make use of an available analytic description of the'
 
characteristics of the vortex pair. The model is equally applicable
 
for other velocity ratios when used in conjunction with graphical
 
descriptions of the vortex properties. The method for predicting
 
wake region pressures is expected to be applicable for velocity
 
ratios greater than 5; at lower velocity ratios, curved lines may
 
be necessary to approximate the shape of the wake contours.
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Figure 1. sketch of VTOL Aircraft Transitioning
 
from Hovering to Horizontal Flight
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APPENDICES
 
APPENDIX I 
Derivation of Finite Filament Sink (Source) Flow
 
The computer model institutes a distribution of finite
 
filament sinks along the jet centerline. It is necessary to
 
-formulate an expression relating the sink filament strength
 
and length to the induced velocity at a field point. Consider
 
a
a distribution of equal strength sinks along the X-axis of 

local coordinate system. (The axes used in this derivation
 
should not be confused with the tunnel coordinate system described
 
in.the main text.)
 
Y 
.P(
 
// h
 
6 b
0 X 
The velocity potential inducedby the infinitesimal element d is
 
41 [(x- )+Y1 
The total velocity potential.induced by a line sink of length b
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may be written b 
f 
The X-velocity induced may be found by the expression
 
LUc a .x q7 ( f 
0 
Therefore
 
uX- Lif 0,i_1)2+.y.},, 
Let
 
X-h
 
Similarly
 
>'y.'t? Ll'xi*Y I/& 
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- f x-bL(-ty'J" Tx--h r-y E"yhJ"F 
-a$ [os (a - C042 
The problem essentially reduces to a two dimensional
 
geometrical analysis. When the endpoints of the filament and
 
the field point are defined, the values of AP, OP, h, 0%i. and 
0(2 may be found through planar geometry. The projections of 
U and U onto the flat plate will yield the velocity on the 
x y
 
flat plate which is induced by the finite filament.
 
APPENDIX II
 
Derivation of Finite Filament Vortex Flow
 
The computer model institutes a distribution of finite
 
filament vortices along the vortex trajectories. Although the
 
vortex endpoints and the field points are specified in three
 
dimensions, the problem is two dimensional as far as calculating
 
the induced velocities on the flat plate is concerned. Consider
 
a filament ,ortex aligned along the X-axis of a local coordinate
 
system (not to be confused with the tunnel oriented coordinate
 
system). The X-Y plane contains the field point and the two
 
vortex endpoints.
 
Y 
P(X ,Y ) 
0 I o00 
Ix 
91V
 
X=X dI(X') x=x 
The general equation for the velocity induced by a filament vortex is
 
where P is the strength of the vortex. In vector form the terms 
48
 
in the general equation become
 
"5=(X.,- X')" + Yo.J 
di(xxAl 
sX 4(x)= y.dx'I 
= -X/Let 

Therefore
 
XO-Xz
 
If the.field point and the endpoints of the vortex filament 
are defined, the parameters h, , and e2 may be found through the 
use of planar geometry. The projection of U onto the plane of the 
flat plate will equal the velocity induced on the flat plate by 
the filament vortex segment.
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APPENDIX III 
COMPUTER PROGRAM 
FOR CALCULATING PRESSURE DISTRIBUTION 
ON FLAT PLATE 
C 
C THIS PROGRAM CALCULATES THE PRESSURE COEFFICIENTS ON-THE FLAT 
C PLATE INDUCED BY A JET ISSUING NORMALLY INTO A CROSSFLOW4 
C" 
DIMENSION X(200),Y('200),Z(2COCP(200),S(200) 
DIMENSION RAD(26),THETA('I5) 
DIMENSION P126,15) 
COMMON/ONE/GAMCONPTCONST 
COMMON/TWO/RAD,THETAtP 
COMMON/THREE/XZSN 
COMMON/FOUR/XOYOZOXItYI,ZI,X2,Y2,Z2,VXTOTVYTCTtVZ.TOT 
COMMON/FIVE/NOFIL,.RVJXVJYVJZ 
INTEGER OPTION 
COMMUN/SIX/OPTION 
DATA RAD/O.58,O.62,O.66,O.70,0.75,0.80,.90,IlOOtI.20,I.40,1.60, 
11.80,2.002.25.2.50 2.75.3.00,3.25,3.50,3.75 4.00,4.50,5.00 5.50I 
26.0017.00/ 
DATA THETA/O.01O0,20.0,30.0,45.0,6Q.O,75.0,90.0,105.0,120.O, 
1135.O,15 0.0,160.0,170.O 180.0/
AE=00.3473 
m BE=1.1127 
ro CE=0.4291 
DLA=0.1333,33 
U=127.0 
READ 15,66) OPTION 
w C 
C IF OPTION=1, THE VORTICES'START FROM THE CENTER OF THE JET ORIFICE. 
C IF OPTIONq2, THE VORTICES START FROM-THE EDGES OF THE JET ORIFICE. 
READ 45.65) NOFIL 
READ(5,24 R 
NOWAKE=I 
C, 
C IF NcWAKE EQUALS 1, SUBROUTINE-WAKE IS CALLED. 
C 
N0SINK~1 
C 
C 
IF NOSINK EQUALS I, A SYSTEM OF LINE SINKS 
CENTERLINE. OTHERWISEt NO JET ENTRAINMENT 
IS GENERATED ALONG THE JET 
IS ACCOUNTED FOR. 
C 
GAM:O.0 
DO 110O Ml,_i5 
130 1100 K=I,26 
P,(KM)=IE6 
1100 CONTINUE
 
N=NOFIL
 
CALL ENDPV
 
CP41) O.O
 
IF (ORTION.EQ.1) CONST=2.04
 
IF (OPTION.EQ.2) CONST=1.389
 
00 17 M=1915
 
DO 17 K=1,26
 
ARC=0.0
 
THET=THETAINM 13.14161180;0
 
C
 
C DEFINE FIELD POINTS.
 
C
 
XO=-RAD(K)*COS(THET)
 
YO=RAO(K)*SIN(THET)
 
ZO=0.0
 
VXTO=0.O
 
V.YTO=0.0
 
VZTO=O.O
IF(OPTION.EQ.1) Y I)-:O.0 
IF(OPTION.EQ2) Y(1)O.5
 
IF (NOWAKE.EQ.I.AND.THETA(M).GT.90) CALL WAKE(KM)
 
C
 
C, DO LOOP 1 GENERATES A SERIES OF VORTEX FILAMENT SEGCENTS -IN ORDER
 
C TO APPROXIMATE A CURVED VORTEX FILAMENT. 
C 
DO 1 I=ltN 
Xl=X(I) 
X2=X(1+1) 
SEG=S4I) 
ARC=ARC+S(,I) 
CP(I+1)=ARC+S(I+1)/2.O 
CONPT=CPII) 
HO=CCNST*(I.-EXP{-ARC/8.0)) 
IF (ORTION.EQ 2) HO=HO+O.5 
BD=2.11/SVRT(ARC) 
ETA=BD*HO 
YLI I)=HOIERF(ETAT 
YI=Y(I)Zl=Z 1-1 ) 
Y2=YI1+1) 
Z2=Z(I+l) 
c 
C DO LOOP 4 GENERATES TWO OBSERVED VORTICES AND TWO IMAGE 
C 
DO 4 J=1,4 
IF(ZO;EQ O.a;AND.J.GE.3) GO TO 4 
0. 
0!4 GO TO (91,6v7*6)PJ 
6 Yl=-YI 
c,-
o 
Y2=-Y2 
GOTO 9 
7 Z=-ZI 
LM 12=-Z2 9 CONTINUE 
VORTICES,
 
CALCULATE DISTANCES FROM VORTEX SEGMENT ENDPOINTS TO FIELD POINTS.
 
2 )
 
C 

A=SQRT( (XI-XOI**2+(YI-YO)**24CZl-ZO)**

.B SQRT((X2-XO)**2+(Y2-YO)**2+(Z2-ZO)**2)
2 )
C=SQRT((X2-XI),**2+(Y2-Y1)**2+(Z2-Zl)**
 
T=(A4B+C)/2.
 
BMOUT=T*( -AY*(T-B)*(T-C)
 
IF (BflOUT.LT.O.0) GO TO 502
 
E=SQRT(BMOUT)
 
GO TO 503
 
502 EiO.01
 
503 CONTINUE
 
C
 
C H= PERPENDICULAR DISTANCE FROM VORTEX FILAMENT 
TO FIELD POINT.
 
C
 
H=;2.*E/C
 
H=H*DIA
 
IF (H.LT;.OOIT H=.OO1
 
COSI=(A**2+CC*2-B**2)/(2.0*A*C)
 
COS2=,A*fl2-4*2-C**2)It 2.O*8*C) 
IF (R.EQc8.0) CALL GAMMA8
 
GI=2.O*GAM*U*DIA 
IF(I.EQ.NX COS2=-I
 
C
 SEGMENT.
C FIND MAGN4ITUDE CF VELOCITY INDUCED AT FIELD POINT BY VORTEX 
c 
V=Gl*(COS'-COS2)/(4.0*3.1416tH) 
C 
C CALCULATE VECTORi COMPONENTS FROM CROSS PRODUCT OF VECTOR A AND VECTOR 
B. 
AC=(ZI-ZOY*(.Y2-YO)-I Z-ZO)*(YI-YO)
 
-BC=(XI-XO)*(Z2-ZO)-(X2-X'O)*(Zil-ZO)
 
CC=(Y&_YO)*X2-XO)-(X1-XO)*(Y 2-YO)
 
GO TO (1l,15tIA,15),J
 
15 CONTINUE
 
AC=-AC
 
BC=--C
 
CC=-CC 
14 CONTINUE 
C 
C FIND DIRECT ION COSINES OF 
D=SQRT(AC**2BC**2+CC**2) 
DCOSA=AC/D 
DCOSf=BC/D 
DCOSC=CC/D 
C 
C SUM INDUCED VELOCITIES. 
C 
VXTO=VXTO DCtSA*V 
VYTO=,VYTO+DCOSB*V 
VZTO 0ZTG+DC SC* V 
4 CONTINUE 
1 CONTINUE 
INDUCED VELOCITY VECTOR.
 
IF(ZO.EQ.O-O) VXTO=2.0*VXTO 
IF(LOI.EQ.0-O) VYTO=2.O*VYTO 
IF(tO.EQ--O) VZTO=O.O 
VJX=0.O 
VJY=OaO 
ot VJZ=O.O 
C24 IF (NOSINK.EQ.1) CALL JET 
0 C 
C ADD VELOCITIES INDUCED BY SINK FILAMENT SEGMENTS. 
C 
.' VXTO=VXTO4VJX 
VYTO=VYTO+VJY. 
td VZTO=VZTOI4'VJZ 
VXTO=VXTO4U 
C FIND TOTAL VELOCITY AND PRESSURE COEFFICIENT 
ON THE FLAT PLATE. 
C 
2 )
VTOT=SQRT(VXTO**2+VYTO**2+VZTO**
 
PiKM)=.O--(VTOT**2.0)/(U**2.0)
 
17 	CONTINUE
 
CALL EXPCP
 
CALL PRTMAT
 
CALL LIFT
 
24 FORMAT(F5.2)
 
65 FORMAT (13)
 
66 FORMAT (I)
 
STOP
 
END
 
SUBROUTINE ENOPT
 
CI
 
C SUBROUTIN'E ENDPT GENERATES ENDPOINTS IN X AND Z FOR EACH VORTEX
 
C SEGMENT.
 
C COMMON/THREE/X(200)Z(200)S(200)tN
 
0AE=0.3473 

BE=1.127
 
CE=0.4291,
 
R='8.0
 
AI=CE*AE*(R**BE)
 
Z(1)=O.O
 
Z-12)=.025
 
X(I)=(Z(1)/(AE*(R**BE)))**(I-O/CE)
X(2)=(1(21/(AE*(R**BE)))}*fl.0/CE)
 
0 5
 
St)=1(X(2)-XS1))**2.0+(Z{2)-Z(I))**2.O)**
 
SCNE=2.0*S(l)
 
NN=N+1
 
TOTARC=O.a
 
Go 100 I=2tNN
 
DZ=Al*fXfI)*I(CE-1-O))
 
PHI=ATAN(DZ)
 
Xtl 1),=SONE*COS(PHI)*X(I)
 
Z(I+I)=AE#(R**BE)*(X(I+1))**CE
 
C
 
C CALCULATE LOCAL RADIUS OF CURVATURE.
 
C
 
RADCUR=(I'.O8375*(X(I1**1.047267)*(I.+2.41041*(X([)**-.148))).)t*
 
11.5
 
.SII)=6RT{(X(I+1)X(I)) 2+(Z(1+1)-Z(1))**2)
 
TOTARC=TOTARC*S(I)
 
C
 
C CALCULATE LENGTH OF NEXT FILAMENT BASED ON RADIUS OF CURVATURE.
 
C
 
IF(TOIARC.GT.;1.00) SONE=RADCUR/50.
 
WRITEI6,101) TOTARCRAOCURSONE
 
101 FORMAT(SX*ITOTARC,RADCURISONE =',3FI0.4)
 
100 CONTINUE
 
RETURN
 
END
 
SUBROUTINE JET-

C
 
C SUBROUTINE JET INSTITUTES A SERIES OF LINE SINKS ALONG THE JET
 
C CENTERLINE IN ORDER TO ACCOUNT FOR MASS ENTRAINMENT BY THE JET.
 
C
 
DIMENSION X(200)tZ1200),CP(200)tS(200)
 
COMMON/FOUR/XOYOZ0AZBZtCZZZtEZFZHARPOZEPPGRUCH
 
COMMCN/FIVE/NOFIL*R*VJXvVJYtVJZ
 
COMMCN/SEVEN/E,SCRI.T
 
CP(I)=O.O
 
AE=0.9772
 
BE=0.9113
 
CE=0.3346
 
U=127.0
 
DIA=.3333
 
PI=3.14159
 
C
 
C 'E' IS THE ENTRAINMENT COEFFICIENT- ISCRITP 
IS THE CRITICAL LENGTH FOR 
C ESTABLISHMENT OF THE JET FLOW. 
C 
E=,O.6 
SCRIT 3.0 
C 
C GENERATE THE ENDPOINTS OF TkE SINK FILAMENT SEGMENTS. 
C 
XTOT=O.O 
ZTOT=0.O 
TOTARC=O O 
Z 1)=0.0 
Z(2)=.:025X (I)= IZ(I1.),/ AE* (R**BE) ))I-O/CE} 
X(2)=(Z(2/(AE*(R**BEY))**(1;O/CE)S( l)=(.(X(2)-Xtill)**2.0 (Z 2)-Z(1)}**2.0)**O-5 
XTOT=X(2)-X(1) 
SONE=2.0*St1) 
NN=NOFIL41O 
ARCLTH=O.O 
DO 100 152,NN 
DZ=CE.*AE*(R#*,*BE)*XTOT*I(CE--O1.) 
PHI=ATANIDZ) 
X(I41)=SaNE.COS(PHI)tXTOT 
C) Z(1+1T=AE*(R**BE)*(X(I+1))**CES(I)='SQRT(,(X(I+1)-X( L))**24(Z(I+)-Z(I) )**2) 
XTOT=X(1t1) 
~C ARCLTH=S(I)+ARCLTH 
C CALCULATE LOCAL RADIUS OF CURVATURE OF JET TRAJECTORY AND ADJUST LENGTH 
.' C OF NEXT SEGMENT ACCORDINGLY. 
IF(X(,I).LT.0.01) GO TO 100 
RADCUR=i.4475*(X(I)* -1.6654))/(I.+4.7315*(X(I)**(-I3308l)I** 
1 5 
RADCUR=1 /RADCUR
 
IFIARCLTH.GT.3.0) SONE=RADCUR/50.
 
100 CONTINUE
 
VJX=OoO
 
vJY=0sO
 
VJZ=O.0 
DO 13 I=LNOFIL
 
TOTARC=TOTARC+S(I)
 
CP(I I)=TOTARC+S(1+11/2.0
 
CONPT3CP()
 
X1=X(I)
 
X2=X 1-1+1)

Y1=O.n
 
Y2=0.0
 
ZI=Z(l)

Z2=Z(It
 
DO 19 J=1t2
 
IF(ZO.EQ;0.O.ANU.J.EQ.2) GO TO 19
 
IF (J.EQ.I) GO TO 21
 
Z1=-LI
 
Z2=-Z2 i
 
21 CONTINUE
 
C
 
C CALCULATE STRENGTH OF SINK FILAMENT SEGMENT.
 
C
 
UJET=R*U
 
QO=UJET*(PI*tDIA**2)/4.O)
 
IF (CONPT,.LE;SCRIT) Q=E*CONPT*QO/(SCRIT*DIA)
 
IF (CONPTiGT.'SCRIT) Q=E*QO/OIA
 
C
 
C CALCULATE THE DISTANCES FROM THE ENDPOINTS TO THE FIELD POINT AND
 
C THE HEIGHT OF THE RESULTING TRIANGLE.
 
C
 
PA=SQRT((XO-Xl)**2+(YO-Y1)**2+ZO-Zl)**2)
 
PB=SQRT((XO-X2)**2+(YO-Y2)**2+(Z'-Z 2 )**2 )
 
AB=SQRT((X-X2)**2+(YI-Y2)**2+(ZIbZ2)**2)
 
SL=(PA+PB*AB)/2.0
 
ARZ=SL*(SL-PA)*(SL-PB)*(SL-AB)
 
IF IARZ.LE.O.O) GO TO 301
 
AK=SQRT(ARZ)
 
QP=2,.O*AK/AB
 
GO TO.302
 
301 QP=.O1
 
302 CONTINUE
 
AQ=SQRT(tPA**2.0)(QP**2.0))
 
COS1=(PA**2+A.B**2-PB*2)/(2.0*AB*PA)
 
COS2=(AB* 2 PB**24PAM*2)/(2.O*AB*PB)
 
IF(COSIG.Gfl'1O) COSmi=.o
 
IF(COS1.LT.-1.0) COSI=-1.0
 
IF(C0S2.GT.1.O) COS2=1.0
 
IF(COS2.LT.-I.O) COS2=-1.0
 
COS2=-COS2
 0 
ANG=ARCOS(COS)
 
ANGZ=,ARCOS(C0S2)
 
C
 
C CALCULATE THE DIRECTION COSINES OF THE FILAMENT SEGMENT.
 
C
 
COSALF=X,2-XXI/ AB
 
COSBET=(Y2-YII/AB
 
COSGAM=(Z2Z'L)/AB

C,
 
AND Z 	CO-ORDINATES OF.THE POINT .OF .INTERSECTION
F C -CALCULATE THE X, Y9 C 	 OF THE PERPENDICULAR LINE FROM THE FIELD POINT TO THE FItANENT.
 
IF (ANGI.tT.PI/2.) GO TO II
 
IF (ANGIJGT.PI/2.) GO TO 10
 
11 XQ=XI+AQ*COSALF
 
YQ=YI4AQ*COSBET
 
ZQ=ZI+AQ*COSGAM 
GO TO 12 
10 XQ=X1-AQCOSALF 
YQ=YI-AQ4COSBET 
Z.Q=Z I-AQ*COSGAM 
12 CONTINUE 
C 
C CALCULATE THE DIRECTION COSINES OF THE PERPENDICULAR LINE FROM 
C THE FILAMENT TO THE FIELD POINT. 
C 
COSPH-=(XO-XQ)/QP 
COSOMG=(YO-YQ:ICP 
COSZET=(Z0-ZQ)IQP 
QP=QP.DIA 
C 
C CALCULATE THE VELOCITIES INDUCED BY THE FILAMENT SEGMENT AT THE 
C FIELD POINT. 
C 
UY=Q*(COS2-COSI1/(4.0*Pj*QP)UX=Q*1(1.0,/PA)-(I.O,/PB))/(4-O*Pl) 
UX=UX/DIAi 
VXSINK=UYtCOSPHI 
VYSINJ=UYZCOSOMG 
VZSINK=UYCOSZ-ET 
UXSINK=UXtCOSALF 
UYSINK=UX*COSBET 
UZSINK=UX*COSGAM 
C 
C ADD THE RESULTING VELOCITY COMPONENTS. 
C 
VJX=VXSINK+UXSINK+VJX 
VJY=VYSINK+UYSINK+VJY 
VJZ=VZSINK+UZSINK+VJZ 
19 CONTINUE 
13 CONTINUE
 
IF(ZO.EQ-O-O) VJX=2.0*VJX
 
IF(ZO.EQ.O.O) VJY=2.0*VJY
 
IF(zO.EQ;O-O) VJZ O.O
 
RETURN
 
END
 
SUBROUTINE GAMMA8
 
C 
SUBROUTINE GAMMAS SELECTS AN APPROPRIATE VORTEX 
STRENGTH
 
C 
FOR EACH VORTEX FILAMENT FOR A VELOCITY RATIO 
OF 
B.0
 
C 

C
 
COMMCN/ONE/GAMNCONPTCONST
 
INTEGER OPTION
 
COMMON/SIX/OPTION
 
C
 
'CCNPT' IS THE DISTANCE ALONG THE VORTEX TRAJECTORY 
TO THE CONTROL POINT
 
C 

OF THE VORTEX SEGMENT BEING ANALYZED.
C 

C
 
IF (CONPTJEQ.O-O) GO TO 103
 
BD=2.10268/SQRT(CONPT)
 
HO=CONST*(I°-rXP(-CONPT/8.O))
 
IF(OPTIONSEQ.2) HO=HO*O.5
 
ETA=B0*HO
 
GAH=O.72*,8.0*ERFIETA)
 
GO TO 104
 
103 IF IOPTION.EQ;1) GAMiO.O
 
GAM=5.76
IF(OPTION.'EQ.2) 

104 CONTINUE
 
RETURN
 
END
 
SUBROUTINE PRTMAT
 
C 
SUBROUTINE PRTMAT PRINTS CALCULATED PRESSURE COEFFICLENTSv
 C 

EXPERIMENTAL PRESSURE CCEFFICIENTS, THE DIFFERENCE 
BETWEEN
 
C 

EXPERIMENTAL PRESSURE COEFFICIENTS, AND UNWEIGHTED
C CALCULATED AND 

C, STANDARD DEVIATION.
 
'C
 
DIMENSION DIFF(26,15),
 
COMMON/TWJ/RAD(26)tTHETA(15),P(26,15)
 
COMMON/FIVE/NOFILRHUPTUPTHREEP
 
'INTEGER OPTION
 
COMMON/SIX/OPTION
 
COMMON/SEVEN/ESCRIT
 
COMMON/TEN/D(21,26)
 
DELPT=O.O
 
SUMDIF=0.0
 
DO 999 M=1#I5
 
O0 999 K:It26
 
C 
C CALCULATE DIFFERENCES IN EXPERIMENTAL AND THEORETICAL VALUES.
 
C 
DIFF{X,M)=P(KM}-O(Ms K)
 
DIFF(K ,M)=E6
IF'(ABSDIFF(KM)).GT.1O) 

IF(DIFF(KrM)kEQ.1E6) DELPT=DELPT+1.
 
IF(DIFF(KM)EQ.IE6) GO TO 999
 
DIFF(KMt=DIFF(K,M)*.2
 
SUMDIF=SUMDIF*DIFF(KdM)
 
C
 
FOR EACH POINT.
C CALCULATE.PERCENT DIFFERENCE 

C
 
DIFF(KM)=SQRT(DIFF(K,M))*100.
 
999 CONTINUE

C,
 
C CALCULATE UNWEIGHTEC'STANDARD DEVIATION.
 
C
 
STDEV=SQR((SUMOIF/(390.-DELPT)))
 
WRITEL6,1O11) NOFIL,R
 
WRITE(6,OI3) EtSCRIT
 
IF (CPTION.EQ.1) WRITE(6,1009)
 
IF (OPTION.EQ.2) WRITE(6,1010)
 
WRITE (6,'i012),
 
WRITE(6,107)
 
WRITE(6,1001)
 
WRITE(6,1002) (RAD(K),K1I,]13)
 
WRITE(6,1001Y
 
WRITE(6tlOO6)
 
DO 1004 M=1,15
 
WRITE(6IO03) THETA(M),{P(KM)jK=I,13)
 
WRITE(6,1014) (D(M.L),Lfl,13)
 
WRITE(6,10151 (CIFF(K,M),K=I,13)
 
1004 CONTINUE
 
WRITE(6, O00)
 
WRITE(6tlOO7)
 
WRITE(6,1001)
 
WRITEt6,1002) (RAO(K),K=14,26)
 
WRITE(6,foo1)
 
WRITE(6,1006)
 
00 1005 MCi,15
 
WRITEI6,1003) THETA(M),(P(KM)K=14,26)
 
WRITEI6,1014Y {D(ML)tL=44,26)
 
WRITE46, 1015) (DIFF(KM)hK=I4,26)
 
1005 CONTINUE
 
WRITE(6,10161 STDEV
 
1000 FORMAT(IH1,///,55X,21HPRESSURE COEFFICIENTS,///)
 ) )

1001 FORMAT(1Xt127{1H'
 
1002 FORMAT(15X,13(FS.2,4X1)
 2 X))
1003 FORMAT(3X,F4.0,2X,IH',5X,13(F73,
 
1006 FORMAT(4X'ANGLE',/)
 
1007 FORMAT(64X,'R/D')
 
VORTICES START FROM CENTER OF JET ORIFICE.')
1009 FORMAT(5X,'OPTION=1Av 

1010 FORMAT(5XIOPT'ICN=2A, VORTICES START FROM EDGE OF JET ORIFICE.')
 
1014 FORMAT(1Xt'EXP. VALUES',3X,13(F7.3,2X))
 
o
1015 FORMAT(IX'9$PC T ERRORlt4X,13(FT.3,2X )h/)
 
1016 FORMAT(1HI,5Xt'STANOARO DEVIATION =',FlO.4,/)
 
1011 FORMAT (IH1,.5X,13vlX,'VORTEX AND SINK FILAMENT SEGMENTS ARE USEO',
 
1/,5X,'VELOCITY RATIO =',F5.2,J/)
 
1012 FORMAT (/I/,.55X,'PRESSURE COEFFICIENTS',///)
 
COEFFICIENT =',F6.4,/,5X,'CRITICAL LENGTH
1013 FORMATI5XIENTRAINMENT 

I FOR JET FLOW ESTABLISHMENT =',F6.4,lX,'S/D')
 
RETURN
 
END
 
SUBROUTINE LIFT
 
C 
C SUBROUTINE LIFT CALCULATES LIFT AND PITCHING MOMENTS 
ON THE FLAT
 
C PLATE FROM BOTH EXPERIMENTAL AND CALCULATED PRESSURE 
COEFFICIENTS.
 
C
 
DIMENSION AZIMTH(30)
 5 )
COMMN/TWO/RADt26),THETA(15)IP(26,1
 
COMMON/TEN/D(21,26)
 
RADIAN=3.14159265/180o0
 
QINF=19.935
 
VJ=0.1247.
 
WP=6.66 r
 
WMACHtO.9*3
 
T=148.'10
 
TE=(T4459'.7)tI.O+0.2*WMACH**2)

C
 
JET.
C CALCULATE THRUST OF 

C
 
THRUST=WP,/32.17*WMACH*49-02*SQRT(TE)
 
EXLIFT=O;O
 
EXPPCH=O.O
 
DLIFTO.0
 
PMOM=0.O
 
R=4.0
 
TAREA=O.0
 
D00209 M&1,15
 
209 ALIMTH(M)iTHETA(Ml)*RADIAN
 
00 210 KI,23
 
Do 210 M=I,14
 
DTHETA=AZIMTH*{M+I)-AZIMTH(M)
 
C
 
C CALCULATE INCREMENTAL AREA.
 
.C
 
AREA=R*R*tRADIK+1)**2-RAD(K)**2)*DTHETA/2.
 
C
 
CALCULATE AVERAGE PRESSURE COEFFICIENTS OVER AREA.
C 

C 
Mtl))/4.O
CPAVG=(P(JM)+P(K4I,Y)+P(KM+I)+P(K+ 

DELFOR=CPAVGQINF*AREA/144.0

C 
C CALCULATE MOMENT ARM.
 C 
PMARMR*(RAO(K*1)+RAD(K))*COS(AZIMTH(M+I1-DTHETA/2.)/2.
 
PMOMIPMARM*DELFOR/12.
 
C
 
C SUM LIFT OVER AREA.
 
C
 
DLIFTDLIFT+DELFOR
 
C
 
C SUM POMENTS.
 
C
 
- PMOM=PMOMPMOMI 
C.
 
FLAT PLATE.
C SUM AREA. NOTE TOTAL AREA INCLUDES ONE-HALF OF 

C
 
TAREA=TAREA +AREA
 
C
 
CALCULATE AVERAGE EXPERIMENTAL PRESSURE COEFFICIENTS AND SUM 
LIFT AND
 
C 

C MOMENTS.
 
C 
C
.C 
C 
C 
C 
0!;b 
C 
£ 
w 
gi t-00 
C 
EXPAVG=(D(M,X)+D(M+lK)4D(MK+1)+D(M+1,K+1))/4.0
 
EXPFOR=EXPAVG*QINF*AREA/144.0
 
EXPMM=PMARM*EXPFOR/2.
 
EXLIFT:EXLIFT+EXPFOR
 
EXPPCH=EXPPCPIEXPMOM
 
210 CONTINUE
 
BY SYMMETRY, CALCULATE TOTAL LIFT, MOMENT, AND AREA BY MULTIPLYING ABOVE
 
RESULTS BY TWO.
 
DLIFTW2.0*DLIFT
 
PMOM=2.0*PMOM
 
TAREA=TAREA*2;0
 
EXLIFI=2.0*EXLIFT
 
EXPPCH=2.0*EXPPC
 
NON-CIMENSIONALIZE LIFT AND MOMENTS.
 
EXLIFT:EXLIFTITHRUST
 
EXPPCH=EXPPCH/(THRUST*0-3333)
 
POV ERT=DLIFT/THRUST'
 
TM=PMOMI(THRUST*Ofl333)
 
CALCULATE WEIGHTED STANDARD DEVIATION.
 
TOTFOR'0.0
 
TOTAR=O.0
 
211 M=I115 
010 211 K-1,25
 
IF (M.EQ.15) THET2=li8O.
 
IF(M.NE.18) THET2ITHETA(M+I)*THETA(M))/2.
 
RA2=(RAD(K+11-(RAO(K))/ 2 .
 
IF(K.EQ.11Y RA*I=.50 
toL 
IF(M.EQ.1) THETI=O.O
 
IF(K.NE.1X RAI=(RAD(X-1)+RAD(K))/2.
 2
 
.
IF(M.NE.I) THETI=(THETA(M-1)4THETA(M))/
 
AREA1=R*Rt(RA2**2-RAI**2)*(THET2-THETI)*RADIAN/2.
 
CPDIFF=P'(KM)-D(M,K)
 
IF(ABSKCPDIFF).GT.50.) GO TO 211
 
FORDIF=4CPDIFF*AREAI)**2
 
TOTFOR=TOTFOR+FORDIF
 
TOTARWAREA**2+TOTAR
 
211 	CONTINUE
 
STDEV=SQRT(TOTFOR/TOTAR)
 
WRITEA6,212) STDEV
 
WRITE(6,3)' THRUST
 
WRITE(6,2.) TAREA
 
WRITE(6ol1Y PGVERTTM
 
WRITE(6,4-) EXtIFTcEXPPCH
 
212 FORMATC5X 'WEIGHTED STANDARD DEVIATION =',F10.4,//)
 
4 FORMAT(///,5X 'EXPERIMENTAL VALUES',/5X, '************# *****'I
 
1/,5X,'LIFT =',.FIO.4,/,5X,'PITCHING MOMENT =",F10.4)
 
FORMAT(5X,,.'TOTAL NON-DIMENSIONALIZED LIFT =',FIO.4,//,SXvTOTAL
 
I NCN-DIMENSICNALIZED PITCHING MOMENT'=',F1O.4)
 
2 FORMAT(5X,4TTA AREA =',F1O.4,'SQUARE INCHES',///)
 
3 FORMAT(5X,'THRUST =',.F1O,4)
 
RETURN
 
END
 
SUBROUTINE EXPCP
 
C
 
SCANIVALVE PORTS TO VALUES
 c SUBROUTINE EXPCP CONVERTS RAW DATA FROM 

C CORRESPONDING-TO SPECIFIC FIELD POINTS SPECIFIED BY RADIUS AND ANGLE.
 
C
 
COMtON/TEN/D(21,26)
 
DIMENSION CP(1O,46)
 
Do 3 J=1921
 
D .3 K=1126
 
c 
3 D(J,K')=10-
C.C 
READ EXPERIMENTAL CATA. 
-°READ(5,6 ) {|CP(I , ),I jIO), = l 4 5 i ' {C P(I[ 4 6 ) 9= 1 "9 ) 
6 FORMAT(1OF8.4r 
00 50 J=I120 
IFCJ.GT.16) GO TO 50 
D(Jtl)=CPtIlJ: 
D(J92)=CP4 IJ+17) 
D(J,4)=CP12,,J 9) 
04J,5)=CP2,Jt30) 
O(J,6)=CP(3J+1) 
O(J,7-)=CPf(3tJ+22)
D(J,9)=CPA4v;J14) 
D(J,11)=CP(5tJ+6) 
D(J,12)=CP5,J+23) 
D(J,14)=CP(69J+15) CD 
O(J,16)=CP(7tJ+7) 
D(J,17)=CP(7,J+28) 
D(J, 1)=CP(8,J+201 
D(J,221)=CPt9,J+12) 
D(J,22)=CP(9*J+29) 
D(J123)=CV(.10J) 
D(J,24)=CP(ltJ+17) 
IF(J.GT.15) GO TO 50 
D(JIO)=CP(4,J+31) 
IF(J.GT.14) GO TO 50 
D(J+7,8)=CPO(4J) 
DIJ+2,13):)CP(6,J) 
IF(J.GT.12) GfO TO 50 
D(J+9s20)CPf9,J) 
IF(J.GT.1O) GO TO 50 
D(J,15)=CP(6,J436) 
1F(J.GT.9) GO JO 50 
D(Jv20)=CP(8vJ+37) 
IF(J.GT.8) GO TO 50 
D(J,3)=CP(1,J+38) 
D(J+8,3)=CP(2J)
 
IF(J.GT.71 GO T 50
 
O{J,8).=C(3,J439)
 
IF(J.GT.6: GO TO 50
 
O(J+15,1O)=CP(5,J)
 
O(J+-O15)=CP(7,J)
 
IF(J.GT.5) GO TO 50
 
D(J+16v2)'CP|IlJ433)
 
D(J+1614):CP(2,J425)
 
D(J+16,6)'CP(3,J+17)
 
D(J+16,12)=CP(5,Ji39)
 
D(J+16,141=CP(6,J-31)
 
0(J+16,16)=CP(7,J+23)
 
IF(J.GT.4) GO TO 50
 
C(J+3,25)=CPtlOJ+34)­
IF(J 0 GT.3Z GO TO 50
 
D(J+8625)hCP(1O,J 381
 
50 D(J+I,18)9CP(8,J)
 
D'(1 I3)=CP(5,45)
 
D(2,13)=CP(5,46)
 
0(1 18)=CP(7,46)
D(21v--)=C.P( I,17) 
D(21,3)=CP(2,9)
 
D(21,5)=CP(3,1)
 
D(21,7)=CP(3,39)
 
D(21,9)=CP(4,31)
0(21,11)=CPC5 23) 
D(21,13)=CP(6v15)
 
D(21,15)=CP(7v,7)
 
0(21,17)=CP(7 45)
 
D(21,I9)=CP(8p37) 
0(21,21)=CP(9*29) 
D(21,22)=CP(9t46) 
D(21923)=CP(10,17) 
D(21,24)CP(10,34) 
O(15,25)=CP(10,42) 
0(5,26)=CP(10*43) 
D(1I,26)=CP(lO,44) 
D(15,26)=CP(10,45) 
RETURN 
END 
C 
SUBROUTINE WAKE(K,.M) 
C SUBROUTINE WAKE DEFINES TEMPORARY FIELD POINTS FOR USE IN 
C CALCULATING PRESSURE CCEFFICIENTS IN THE WAKE REGION. 
C 
COHMON/FOUR/XOYO 
XW=XO 
C 
C DEFINE WAKE BUNDARY. 
C 
YW=1.819*(XW#0.926) 
IF(YO.GT.YW) GO TO 10 
YO=YW 
10 RETURN 
END 
0M 
m 
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